PD curve calibration refers to the transformation of a set of rating grade level probabilities of default (PDs) to another average PD level that is determined by a change of the underlying portfolio-wide PD. This paper presents a framework that allows to explore a variety of calibration approaches and the conditions under which they are fit for purpose. We test the approaches discussed by applying them to publicly available datasets of agency rating and default statistics that can be considered typical for the scope of application of the approaches. We show that the popular 'scaled PDs' approach is theoretically questionable and identify an alternative calibration approach ('scaled likelihood ratio') that is both theoretically sound and performs better on the test datasets.
Introduction
The best way to understand the subject of this paper is to have a glance at table 1 on page 2 that illustrates the problem studied. Table 1 shows the grade-level and portfolio-wide default rates (third column) that were observed in 2009 for S&P-rated corporate entities together with the rating frequencies that were observed at the beginning of 2009 (second column) and at the beginning of 2010 (fourth column). The question marks in the fifth column indicate the question this paper is intended to answer: How can grade-level default rates for a future time period be forecast on the basis of observations from an earlier period and the known rating profile at the beginning of the future period? * E-mail: dirk.tasche@gmx.net
The author currently works at the Prudential Regulation Authority (a division of the Bank of England). The opinions expressed in this paper are those of the author and do not necessarily reflect views of the Bank of England. The author is grateful to two anonymous referees whose suggestions significantly improved the paper. The question mark in the lower right corner of table 1 indicates that we investigate this question both under the assumption that an independent forecast of the future portfolio-wide default rate is known and under the assumption that also the future portfolio-wide default rate has to be forecast.
We call a forecast of grade-level default rates a PD curve. The problem we study in this paper is made more complicated by the fact that for economic reasons PD curves are subject to the constraints that they need to be monotonic and positive -although table 1 shows that this is not necessarily true for empirically observed default rates.
The scope of the concepts and approaches described in this paper is not limited to data from rating agencies but covers any rating system for which data from an estimation period is available. It should, however, be noted that the focus in this paper is on grade-level default rate forecasts while the problem of forecasting the unconditional (or portfolio-wide) default rate is not considered. Forecasting the unconditional default rate is an econometric problem that is beyond the scope of this paper (see Engelmann and Porath, 2012 , for an example of how to approach this problem).
This paper appears to be almost unique in that it solely deals with the calibration or recalibration of PD curves. Calibration of PD curves is a topic that is often mentioned in the literature but mostly only as one aspect of the more general subject of rating model development. For instance, Falkenstein et al. (2000) deployed the approach that is called 'scaled PDs' in this paper without any comment about why they considered it appropriate. There are, however, some authors who devoted complete articles or book sections to PD curve calibration. Van der Burgt (2008) suggested a predecessor of the technique that is called quasi moment matching (QMM) in this paper. Bohn and Stein (2009, chapter 4) discussed the conceptual and practical differences between the 'scaled PDs' and 'invariant likelihood ratio' approaches. More recently, Konrad (2011) investigated in some detail the interplay between the calibration and the discriminatory power of rating models.
In this paper, we revisit the concept of two calibration steps as used by Bohn and Stein (2009) . According to Bohn and Stein (2009) the two steps are a consequence of the fact that usually the first calibration of a rating model is conducted on a training sample in which the proportion of good and bad might not be representative of the live portfolio. The second calibration step, therefore, is needed to adjust the calibration to the right proportion of good and bad.
We argue more generally that the two steps actually relate to different time periods (the estimation and the forecast periods) which both can be described by the same type of model. This view encompasses both the situation where a new rating model is calibrated and the situation where an existing rating model undergoes a -possibly periodic -recalibration. The estimation period is used to estimate the model components that are assumed to be invariant (i.e. unchanged) or in a specific way transformed between the estimation and the forecast periods. Calibration approaches for the forecast period are essentially determined by the assumptions of invariance between the periods. Specifically, the model estimation in the estimation period involves smoothing of the observed default rates in order to create a positive and monotonic PD curve. For this purpose we apply quasi moment matching (QMM) the details of which are described in appendix A.
When in the following we investigate different invariance assumptions that can be made for the forecast period the basic idea is always that the rating system's discriminatory power is the same or nearly the same both in the estimation and forecast periods. However, discriminatory power can technically be expressed in a number of different ways that correspond to invariance assumptions with a range of different implications. This is why we first study in section 3 in some detail the model components that are related to invariance assumptions:
• Unconditional rating distribution (profile).
• Conditional (on default and survival) rating distributions (profiles).
• Unconditional PD.
• PD curve (grade-level PDs, i.e. PDs conditional on rating grades).
• Accuracy ratio (as a measure of discriminatory power).
• Likelihood ratio.
In particular, we derive a new result (theorem 3.3) on the characterisation of the joint distribution of a borrower's rating at the beginning of the observation period and his solvency state at the end of the period by unconditional rating profile and likelihood ratio.
Then, in section 4, we look at different calibration approaches (which may be characterised by invariance assumptions). The suitability of the approaches described depends strongly upon what data (e.g. the unconditional rating profile) can be observed at the time when the forecast exercise takes place. We therefore discuss the different possibilities and assumptions in some detail and examine the performance of the approaches with a real data example. The example is based on the S&P data from table 1 which is presented in more detail in section 2.
In particular, the example in section 4 suggests that the popular 'scaled PDs' approach (corresponding to the assumption of an invariant shape of the PD curve) is both theoretically questionable and not very well performing on the example dataset. Two other approaches ('invariant AR' and 'scaled likelihood ratio') appear to be theoretically sound and better performing when deployed for the numerical example.
However, as the S&P dataset is small the example provides anecdotal evidence only. Its suggestions are therefore backtested and qualified in section 5. The -still rather limited -backtest confirms that the 'scaled likelihood ratio' approach performs better than the 'scaled PDs' approach. In contrast, the 'invariant AR' approach is found to be underperforming in the backtest.
Data and context
The numerical examples in section 4 in this paper are based on the S&P rating and default statistics for all corporates as presented in table 2 on page 5. Only with their 2009 default data report S&P (2010) began to make information on modified-grade level issuer numbers readily available. Without issuer numbers, however, there is not sufficient information to calculate rating profiles and conduct goodness-of-fit tests for rating profiles because such tests typically require the occupation frequencies (i.e. the numbers of issuers in each of the rating grades) as input. This explains why we only look at default statistics from 2009 onwards.
For the purposes of this paper, data from Moody's is less suitable because Moody's do not provide issuer numbers at alphanumeric grade level and estimate default rates in a way that makes it impossible to infer exact grade-level numbers of defaults (see Hamilton and Cantor, 2006 , for details of the estimation approach). Therefore, in order to work with the publicly available Moody's (2013) data, one has to make assumptions that are likely to make the results less reliable. That is why, in section 5, we use Moody's default and rating data only for backtesting and qualifying the observations from section 4.
Observations on the data
S&P's all corporates default statistics (table 2) represent an example of an interesting, somewhat problematic dataset because it includes some instances of inversions of observed default rates. 'Inversion of default rates' means that the default rate observed for a better rating grade is higher than the default rate of the adjacent worse rating grade.
The default rate columns of table 2 show that the corporate grade-level default rates recorded by (Fisher, 1922; Casella and Berger, 2002, Example 8.3.30) this explanation can be verified.
A question of similar importance for the estimation of PD curves is the question of whether or not the unconditional (or all-portfolio) rating profile (i.e. the distribution of the rating grades) of a portfolio can be assumed to be unchanged over time. Table 3 on page 6 shows the unconditional rating profiles of the corporate entities for the three years of S&P data used in this paper. It All 100.00 100.00 100.00
appears from the percentages that the profiles vary significantly during the three years even if random differences are ignored. Pearson's χ 2 test for count data (Pearson, 1900; van der Vaart, 1998) can be used to test these observations and also to assess the accuracy of the forecast approaches discussed in the remainder of the paper.
Consequences for the calibration of PD curves
From the observations in section 2.1 we can draw two conclusions:
• Forcing monotonicity of estimated PD curves can make sense if it is justified by statistical tests or long-run average evidence.
• In general, we cannot assume that the rating profile of a portfolio does not change over time, even if random fluctuation is ignored. However, this assumption can be verified or proven wrong with statistical tests. Depending on the outcome of the tests there are different options for the estimation of PD curves. This will be discussed in detail in section 4.
Although never a default of an AAA-rated corporate was observed within one year after having been rated AAA (Moody's, 2013; S&P, 2013) we nonetheless try and infer a positive one-year PD for AAA. This is why in the following we restrict ourselves to only deploy PD curve estimation approaches that guarantee to deliver positive PDs for all rating grades.
On the basis of the data presented in this section, it is also worthwhile to clarify precisely the concept of a two-step (or two-period) approach to the calibration of a rating model as mentioned by Bohn and Stein (2009) : The first period is the estimation period, the second period is the calibration and forecast period. The two periods are determined by their start and end dates and the observation and estimation horizon:
• h is the horizon for the PD estimation, i.e. a borrower's PD at date T gives the probability that the borrower will default between T and T + h.
• The start date T 0 of the estimation period is a date in the past.
• T 1 ≥ T 0 + h is the date when the calibration or recalibration of the rating model takes place. The calibration is for the current portfolio of borrowers whose ratings at T 1 should be known but whose future default status at T 1 + h is still unknown.
• The end date T 2 = T 1 + h of the forecast period is in the future. Then the default status of the borrowers in the current portfolio will be known.
With regard to the two-period concept for calibration, for the remainder of the paper we make the following crucial assumptions:
• For the sample as of date T 0 everything is known:
-The unconditional rating profile at T 0 ,
-the conditional rating profiles (i.e. conditional on default and conditional on survival respectively) at T 0 ,
-the unconditional (base) PD (estimated by the observed unconditional default rate) for the time interval between T 0 and T 0 + h, -the conditional PDs (i.e. conditional on the rating grades, estimated by smoothing the observed grade-level default rates) at T 0 for the time interval between T 0 and T 0 + h.
• At date T 1 could be known:
-The unconditional rating profile.
-A forecast of the unconditional (base) default rate. In general this will be different from the unconditional PD for the estimation period between T 0 and T 0 + h. 
Description of the model
This section describes a statistical model of a borrower's beginning of the period rating grade and end of the period state of solvency. This model is applicable to both the estimation and the forecast periods as discussed in section 2.2. In particular, we will consider the following model characteristics and their relationships:
• PD curve (PDs conditional on rating grades).
• Accuracy ratio (discriminatory power).
We rely on the standard binary classification model used for topics like pattern recognition, medical diagnoses, or signal detection (see, e.g., van Trees, 1968) . Hand (1997) presents a variety of applications (including credit scoring) for this type of model.
Speaking in technical terms, we study the joint distribution and some estimation aspects of a pair (X, S) of random variables. The variable X is interpreted as the rating grade 1 assigned to a solvent borrower at the beginning of the observation period. Hence X typically takes on values on a discrete scale in a finite set which we describe without loss of generality as {1, 2, . . . , k}. This implies that the marginal distribution of X is characterised by the probabilities Pr[X = x], x = 1, . . . , k, which we call the unconditional rating profile.
Assumption. Low values of X indicate low creditworthiness ("bad"), high values of X indicate high creditworthiness ("good").
The variable S is the borrower's state of solvency at the end of the observation period, typically one year after the rating grade was observed. S takes on values in {0, 1}. The meaning of S = 0 is "borrower has remained solvent" (solvency or survival), S = 1 means "borrower has become insolvent" (default). In particular, S is always observed with a time lag to the observation of X. Hence, when S is observed X is already known but when X is observed today S is still unknown. We write D for the event {S = 1} and N for the event {S = 0}. Hence
The marginal distribution of the state variable S is characterised by the unconditional probability of default p which is defined as
1 In practice, often a rating model with a small finite number of grades is derived from a score function with values on a continuous scale. This is usually done by mapping score intervals on rating grades. See Tasche (2008, section 3) for a discussion of how such mappings can be defined. Discrete rating models are preferred by practitioners because manual adjustment of results (overriding) is feasible. Moreover, by construction results by discrete rating models tend to be more stable over time.
p is sometimes also called base probability of default. In the following we assume 0 < p < 1 as the cases p = 0 and p = 1 are not of practical relevance.
Model specification
Recall that the two marginal distributions of X and S respectively do not uniquely determine the joint distribution of X and S. For easy reference we state in the following proposition the three equivalent standard ways to characterise the joint distribution.
Proposition 3.1 The joint distribution of the pair (X, S) of the rating variable X and the state of the borrower variable S is fully specified in any of the following three ways:
(i) By the joint probabilities
. . , k, and
and the distributions of X conditional on D and N respectively:
are called the conditional rating profiles (conditional on default and survival respectively). In a more concise manner
(iii) By the unconditional rating profile x → Pr[X = x] and the conditional PDs
is called the PD curve associated with the grades x = 1, . . . , k.
For further reference we note how the specification of the joint distribution of (X, S) given in proposition 3.1 (ii) implies the representation provided in proposition 3.1 (iii):
• By the law of total probability, the unconditional rating profile Pr[X = x], x = 1, . . . , k can be calculated as
• Bayes' formula implies the following representation of the PD curve Pr[D | X = x]:
Also for further reference, we observe how the specification of the joint distribution of (X, S) given in proposition 3.1 (iii) implies the representation provided in proposition 3.1 (ii):
• Again by the law of total probability, the unconditional PD p can be calculated as
(3.5a)
• With regard to the conditional rating profiles, it follows directly from the definition of conditional probability that
The equivalence between equations (3.4a) and (3.4b) on the one hand and equations (3.5a), (3.5b) and (3.5c) on the other hand allows the calculation of one set of characteristics once the other set of characteristics is known. But the equivalence also represents a consistency condition that must be kept in mind if one of the characteristics is changed. In particular, if for a given unconditional rating profile there are independent estimates of the unconditional PD and the PD curve, equation (3.5a) becomes a crucial consistency condition.
The following proposition presents another consistency condition based on (3.4a) that proves useful in section 4 below. We omit its easy proof.
Proposition 3.2 Let π x , x = 1, . . . , k and q x , x = 1, . . . , k be probability distributions and fix a number p ∈ (0, 1).
(i) Define numbers u x , x = 1, . . . , k by solving the following equations for u x :
Then u x , x = 1, . . . , k is a proper probability distribution if and only if the following two inequalities hold for all x = 1, . . . , k:
(ii) Define numbers v x , x = 1, . . . , k by solving the following equations for v x :
Then v x , x = 1, . . . , k is a proper probability distribution if and only the following two inequalities hold for all x = 1, . . . , k:
In this paper, we use quasi moment matching (QMM) as described in appendix A to transform the grade-level empirical default rates into smoothed PD curves. As mentioned in section 2.2, such smoothing of the empirical PD curve is needed in order to
• force monotonicity of the PD curve and
• force the PDs to be positive.
Matching in this context means fitting a two-parameter curve to the empirically observed unconditional default rate and discriminatory power. The discriminatory power is measured as accuracy ratio whose general formula is given in (A.11a). Using the conditional rating profiles defined by (3.3b) the accuracy ratio can also be described by
Likelihood ratio
The specification of the model by unconditional rating profile and PD curve (see proposition 3.1 (iii)) may be inappropriate if we want to combine a forecast period profile with an estimation period PD curve. For according to equations (3.4a) and (3.4b) both components depend upon the unconditional PD -which might be different in the estimation and forecast periods. The likelihood ratio is a concept closely related to the PDs but avoids the issue of dependence on the unconditional PD. The natural logarithm of the likelihood ratio is called weights of evidence and is an important concept in credit scoring (see Thomas, 2009 , for a detailed discussion).
In the context of credit ratings, it can be reasonably assumed that all components of the conditional rating profiles
. . , k are positive. For otherwise, there would be rating grades with sure predictions of default and survival -which is unlikely to happen with real-world rating models. We can therefore define the likelihood ratio λ associated with the rating model:
The likelihood ratio λ(x) specifies how much more (or less) likely it is for a survivors's rating grade to come out as x than for a defaulter's rating grade. Observe that (3.4b) can be rewritten as
This is equivalent to an alternative representation of the likelihood ratio:
By (3.9b), the likelihood ratio can alternatively be described as the ratio of the grade x odds of survival and the unconditional odds of survival. By (3.5b), (3.9a) also implies
and, by taking the sum of all
This observation suggests that the information borne by the likelihood ratio is very closely related to the information inherent in the PD curve. More specifically, we obtain the following characterisation of (3.10b) which is basically the likelihood ratio version of (3.5a).
Theorem 3.3 Let π x > 0, x = 1, . . . , k be a probability distribution. Assume that x → λ(x) is positive for x = 1, . . . , k. Consider the equation
Then with regard to solutions p ∈ [0, 1] of (3.11a) other than p = 1 the following statements hold:
(ii) Assume that x → λ(x) is not a mapping onto a constant. Then there exists a solution p ∈ [0, 1) of (3.11a) if and only if
If there exists a solution p ∈ [0, 1) of (3.11a) then this solution is unique. The unique solution is p = 0 if and only if
Proof. Statement (i) is obvious. With regard to statement (ii), define the function f :
Observe that f is twice continuously differentiable in p with
From (3.12a) and (3.12b) we obtain
is not constant by assumption. Hence f is strictly convex in p. The strict convexity of f implies that the shape of the graph of f is determined by (3.12d) and that only the following three cases can occur:
A stylised illustration of the three different possible shapes of the graph of f is shown in figure 1 on page 13. Only in case B there is a second (and only one) intersection at a p < 1 of the horizontal line through 1. By (3.12d), case B is equivalently described by (3.11b). The second intersection of the horizontal line through 1 occurs at p = 0 if and only if f (0) = 1 which is equivalent to (3.11c). q.e.d.
At first glance, theorem 3.3 might appear as an unnessecarily complicated way to describe the interplay of unconditional rating profile, likelihood ratio, and unconditional PD. However, theorem 3.3 becomes interesting when we try to construct the joint distribution of a borrower's rating X at the beginning of the observation period and the borrower's state S at the end of the period from an unconditional rating profile and a candidate likelihood ratio (which might have been estimated separately). In this context, theorem 3.3 tells us that the construction will work only if condition (3.11b) is satisfied. In contrast, by proposition 3.1 (iii) the construction is always possible if one combines an unconditional rating profile with a candidate PD curve (assuming that all its components take values between 0 and 1).
Actually, from theorem 3.3 it is not yet clear that it gives indeed rise to a fully specified joint distribution of rating X and default or survival state S. This, however, is confirmed by the next proposition whose straight-forward proof is omitted.
Proposition 3.4 Let π x > 0, x = 1, . . . , k be a probability distribution. Assume that x → λ(x) is positive for x = 1, . . . , k and that equation (3.11a) has a solution 0 < p < 1. Then there exists a unique joint distribution of X and S such that x → λ(x) is the likelihood ratio associated with the joint distribution in the sense of equation (3.8).
Smoothing observed default rates
In this section, we illustrate the concepts introduced in sections 3.1 and 3.2 by revisiting the S&P data for 2009 presented in section 2. As the notation introduced at the beginning of the section requires we map the S&P rating symbols CCC-C, B-, B, . . ., AA+, AAA onto the numbers 1, . . . , 17 (hence grade 17 stands for the least risky grade AAA).
Column 2 of table 3 shows the unconditional profile x → Pr[X = x], {1, . . . , 17} → [0, 1] for the S&P corporate ratings. Table 4 on page 14 shows the empirical unconditional default rate and accuracy ratio for our estimation data (i.e. the 2009 S&P data). The accuracy ratio was calculated according to (3.7). It is hard to assess directly from the numbers how well or badly the smoothed curves fit the empirical data. Therefore we calculate an implied default profile and compare it by means of a χ 2 test with the observed default profile. 'Implied default profile' means the theoretical rating distribution conditional on default that is derived by means of Equation (3.5b) from the unconditional rating profile, the PD curve and the unconditional PD. the implied corporates default profile. Hence the fit could be rejected as too poor at 10% type-I error level. However, given the inversions of default rates in the corporates data it might be hard to get a much better fit with any other forced monotonic PD curve estimate. We therefore adopt the corporates smoothed PD curve from table 5 as a starting point for the PD curve calibration examples described in section 4 below.
Calibration approaches
The result of the estimation period is a fully specified (and smoothed) model for the joint distribution of a borrower's beginning of the period rating X and end of the period solvency state S. In this section, we discuss how to combine the estimation period model with observations from the beginning of the forecast period in order to predict the grade-level default rates that are observed at the end of the forecast period. This process is often referred to as calibration of the PD curve.
Notation. All objects (like probabilities and the likelihood ratio) from the estimation period are labelled with subscript 0. All objects from the forecast period are labelled with subscript 1.
In the following we will make use, in particular, of assumptions on the invariance or specific transformation between estimation and forecast period of • the likelihood ratio x → λ 0 (x).
Imagine we are now at the beginning of the forecast period. The borrowers' states of solvency at the end of the period are yet unknown. The objective of the forecast period is to predict the default rates to be observed at the end of the period for the rating grades 1, . . . , k by conditional
There are different forecast approaches for the conditional PDs. The selection of a suitable approach, in particular, depends on what we already know at the beginning of the forecast period about the joint distribution of a borrower's rating X at the beginning of the period and the borrower's solvency state S at the end of the period. We will look in detail at the following two possibilities:
• The unconditional rating profile Pr 1 [X = x], x = 1, . . . , k is known. This is likely to be the case for a newly developed rating model if all borrowers can be re-rated with the new model in a big-bang effort before the beginning of the forecast period. It will also be the case if an existing rating model is re-calibrated. Even if in the case of a new rating model no timely re-rating of the whole portfolio is feasible, it might still be possible (and should be tried) to re-rate a representative sample of the borrowers in the portfolio such that a reliable estimate of the unconditional rating profile is available. Where this is not possible, the rating model should be used in parallel run with the incumbent rating model until such time as the full rating profile of the portfolio has been determined. Only then a PD curve forecast with some chance of being accurate can be made. This might be one of the reasons for the 'credible track record' requirement of the Basel Committee (BCBS, 2006, paragraph 445) . However, we will see in section 4.3 that as soon as a forecast of the unconditional PD is given a meaningful if not accurate PD curve forecast can be made without knowledge of the actual unconditional rating profile. This forecast could be used for a preliminary calibration during the Basel II 'track record' period.
• An estimate of the unconditional PD p 1 for the forecast period is available. This forecast could be a proper best estimate, a pessimistic estimate for stress testing purposes, or a long-run estimate for the purpose of a through-the-cycle (TTC) calibration 2 .
These two possibilities are not exclusive nor do they necessarily occur together. That is why, in the following, we discuss four cases:
• Case 1. The unconditional rating profile for the forecast period is known and an independent estimate of the unconditional PD is available.
• Case 2. The unconditional rating profile for the forecast period is not known but an independent estimate of the unconditional PD is available.
• Case 3. The unconditional rating profile for the forecast period is known but no independent estimate of the unconditional PD is available.
• Case 4. Neither the unconditional rating profile nor the unconditional PD for the forecast period are known.
For each of the four cases we will present one or more approaches to estimate a set of model components needed to specify a full model. See proposition 3.1 for the main possibilities to specify a full proper model of a borrower's beginning of the period rating and end of the period solvency state. We will illustrate the forecast approaches presented with numerical examples based on the S&P data from table 2. In none of the four cases there is sufficient information from the forecast period available to completely specify a model. That is why assumptions about inter-period invariance of model components play an important role in the forecast process.
Invariance assumptions
Forecasting without assuming that some of the features observed in the estimation period are invariant (i.e. unchanged) between the estimation and forecast periods is impossible. Ideally, any assumption of invariance should be theoretically sound, and it should be possible to verify it by backtesting. In this section, we briefly discuss which invariance assumptions for the model from section 3 we should look at closer in the following.
• It is obvious that no invariance assumptions must be made on objects that can be observed or reliably estimated in a separate forecast exercise at the beginning of the forecast period:
-As explained above, in particular, the actual unconditional rating profile of the portfolio should be known at the beginning of the observation period.
-We look both at the case that the forecast unconditional default rate is estimated based on the unconditional forecast period rating profile and at the case where an independent forecast of the forecast period unconditional default rate is available.
• As the future solvency states of the borrowers in the portfolio are not yet known at the beginning of the forecast period, assuming that both conditional rating profiles are invariant could make sense.
• Assuming that the likelihood ratio is invariant is less restrictive than the assumption of invariant conditional rating profiles.
• Instead of assuming that both conditional rating profiles are invariant, one could also assume that only one of the two is invariant. If we assume that the survival profile x → Pr[X = x | N ] is invariant then proposition 3.2 implies for all rating grades x the restriction
Probabilities of default are often measured at a one year horizon. In that case the forecast p 1 of the unconditional PD for principal portfolios like banks or corporates will hardly ever exceed 5%. This implies, however, that condition (4.1) is easily violated. In practice, therefore, quite often the assumption of an invariant survival rating profile will not result in a proper model. That is why we do not discuss further details of this invariance assumption in this paper.
• Assuming the default rating profile as invariant is a much more promising approach because the conditions for the default profile to generate a proper model are much easier satisfied than condition (4.1) for the survival profile.
• Invariance assumptions may be weakened by restating them as shape invariance assumptions.
-For instance, a common approach is to assume that the shape of the PD curve is preserved between the estimation and the forecast periods. This can be accomplished by scaling the PD curve with a constant multiplier that is determined at the beginning of the forecast period (see, e.g., Falkenstein et al., 2000, page 67). (3.4b) shows that the scaled PD curve strongly depends on the estimation period unconditional PD. Hence making use of the scaled PD curve for forecasts in the forecast period might 'contaminate' the forecast with the estimation period unconditional PD which might be quite different from the forecast period unconditional PD. We include the scaled PDs approach nonetheless in the subsequent more detailed discussion because of its simplicity and popularity.
-Scaling the likelihood ratio instead of the PD curve avoids the contamination issue we have observed for the scaled PD curve.
Case 1: Unconditional rating profile and unconditional PD given
In this case, it is assumed that the unconditional rating profile Pr 1 [X = x], x = 1, . . . , k can directly be observed at the beginning of the forecast period, and it is also assumed that a forecast unconditional PD 0 < p 1 < 1 is given that is likely to differ from the estimation period unconditional PD. There are several approaches to prediction in the forecast period that may lead to proper models for the forecast period:
• Invariant default profile. Assume that the default rating profile is invariant, i.e.
• Invariant AR. Assume that the discriminatory power of the model as measured by the accuracy ratio (see (3.7)) is invariant, i.e.
• Scaled PDs. Assume that the estimation period PD curve can be linearly scaled to become the forecast period PD curve, i.e. there is a constant c PD > 0 such that
• Scaled likelihood ratio. Assume that the estimation period likelihood ratio can be linearly scaled to become the forecast period likelihood ratio, i.e. there is a constant c LR > 0 such that
In principle, a fifth approach is cogitable, namely to assume that the survivor rating profile does not change from the estimation period to the forecast period. However, as explained in section 4.1 it is unlikely that this approach results in a proper forecast period model with a proper default rating profile. That is why we do not discuss this approach.
On assumption (4.2)
This assumption is not necessarily viable as (3.4a) must be satisfied. It follows from proposition 3.2 that assumption (4.2) makes for a proper model of a borrower's rating and state of solvency if and only if we have for all x = 1, . . . , k
If (4.6a) holds then by (3.5b) we obtain the following equation for the PD curve:
Actually, there are two slightly different approaches to implement assumption (4.2):
(i) Use a smoothed version of the estimation period default profile that could be derived via equation (3.5b) from a smoothed PD curve -which in turn might have been determined by QMM as described in appendix A.
(ii) Use the observed estimation period default profile and the given forecast period unconditional profile to determine by means of (3.5c) an implied raw survivor profile. Based on this survivor profile and the observed estimation period default profile deploy equation (3.7) to compute a forecast accuracy ratio. Apply then QMM as described in appendix A to determine a smoothed PD curve for the forecast period.
Compared with approach (i), approach (ii) has the advantage of always delivering a monotonic PD curve. That is why for the purpose of this paper we implement assumption (4.2) in the shape of (ii) although anecdotal evidence shows that the performance of (ii) is not necessarily better than the performance of (i).
On assumption (4.3)
Actually, even with unconditional rating profile, unconditional PD, and accuracy ratio given the joint distribution of a borrower's beginning of the period rating and end of the period state is not uniquely determined. We suggest applying QMM as in the estimation period (see section 3.3) and described in appendix A to compute a PD curve as a forecast of the grade-level default rates. There is, however, the problem that QMM requires the rating profile conditional on survival as an input -which cannot be observed or implied at this stage. But QMM is fairly robust with regard to the frequencies of the rating grades used as input to the algorithm. That is why approximating the rating profile conditional on survival with the unconditional rating profile (known by assumption) seems to work reasonably well.
On assumption (4.4)
The constant c PD is determined by equation (3.5a): .4) is proper the implied default profile is as follows:
On assumption (4.5)
By (3.10b) we obtain an equation that determines the constant c LR : 
Hence equation (4.8a) has always a unique solution c LR > 0. By proposition 3.4 then we know that under assumption (4.5) we have a proper model of a borrower's rating and default state. In addition, by theorem 3.3 the resulting forecast likelihood ratio λ 1 (x) = c LR λ 0 (x) satisfies the inequalities
This implies the following inequalities for c LR :
(4.8b) is useful because it provides initial values for the numerical solution of (4.8a) for c LR .
Once c LR has been determined (3.10a) and (3.9a) imply the following equations for the default profile and the PD curve under assumption (4.5):
4.2.5. Summary of section 4.2 Table 7 on page 21 shows the results of an application of the approaches presented above to forecasting the 2010 and 2011 grade-level default rates of the S&P corporates portfolio, based on estimates made with data from 2009. To allow for a fair performance comparison, we have made use of prophetic estimates of the 2010 and 2011 unconditional default rates, by setting the value of p 1 to the observed unconditional default rate of the respective year and sample.
In order to express the performance of the different approaches in one number for each approach, we have used the forecast PD curves to derive forecast default profiles by means of (3.5b). The forecast default profiles can be χ 2 tested against the observed grade-level default numbers from table 2. The p-values of these tests are shown in the last rows of the panels of table 7. Recall that higher p-values mean better goodness of fit. Table 7 hence indicates that under the constraints of this section (unconditional rating profile and default rate are given) the scaled likelihood ratio approach (4.5) and the invariant accuracy ratio approach (4.3) work best, followed by the invariant default profile approach (4.2) . This anecdotal evidence, however, does not allow an unconditional conclusion that 'scaled likelihood ratio' or 'invariant accuracy ratio' are the best approaches to PD curve calibration. We will test this conclusion on a larger dataset in section 5.
But also from a conceptual angle there might be good reasons to prefer the 'invariant default profile' approach. When a new rating model is developed one has often to combine data from several observation periods in order to create a sufficiently large training sample. Estimating the likelihood ratio from such a combined sample would implicitly be based on the assumption of an invariant likelihood ratio. Hence it would be strange to modify the likelihood ratio via scaling in the forecast period. This consistency issue is obviously avoided with the 'invariant default profile' and the 'invariant accuracy ratio' approaches. As we have seen, to implement the 'invariant accuracy ratio' approach we need to approximate the forecast period survivor profile by the forecast period unconditional rating profile. This approximation could be poor if the forecast period unconditional default rate is high. Hence, depending on what approach had been followed in the estimation period and how big the forecast period unconditional default rate is, the 'invariant default profile' approach (4.2) could be preferable for the forecast period despite its only moderate performance in our numerical examples.
Case 2: No unconditional rating profile but unconditional PD given
In this case, we assume that a forecast unconditional PD 0 < p 1 < 1 is given that is likely to differ from the estimation period unconditional PD. But the unconditional current rating profile is assumed not to be known. This would typically be the case if a rating model was newly developed and it was not possible to rate all the borrowers in the portfolio in one big-bang effort.
The new ratings would then only become available in the course of the regular annual rating process. This is clearly suboptimal, in particular with a view on the validation of the new rating model, but sometimes unavoidable due to limitation of resources.
In this situation, proposition 3.1 suggests the assumption that both conditional rating profiles are invariant as the only possibility to infer a full model of a borrower's beginning of the period rating and end of the period state of solvency. Invariant conditional profiles:
Note that (4.9) is a stronger assumption than (4.3) because (4.3) is implied by (4.9).
If, however, it is sufficient to obtain an estimate of the forecast period PD curve then it is solely the estimation period likelihood ratio x → λ 0 (x) that one needs to know in addition to the unconditional PD p 1 . Formally, the assumption of an invariant likelihood ratio is used here:
From equation (3.9a) it follows that we can then calculate the PD curve as follows:
, x = 1, . . . , k. 
Case 3: Unconditional rating profile but no unconditional PD given
In this case, the unconditional rating profile Pr 1 [X = x], x = 1, . . . , k can directly be observed at the beginning of the forecast period. Like in case 1, we consider several approaches to prediction in the forecast period that may lead to proper models for the forecast period:
• Invariant PD curve. Assume that the PD curve is invariant, i.e. the following equation holds:
• Invariant conditional profiles. Assume that both conditional rating profiles are invariant, i.e. assumption (4.9).
• Invariant likelihood ratio. Assume that the likelihood ratio is invariant, i.e. (4.10) holds. Note that (4.10) is implied by (4.9) and, hence, is a weaker assumption.
On assumption (4.12)
As mentioned in section 4.1, it might not be the best idea to work under this assumption because there is a risk to 'contaminate' the forecast with the estimation period unconditional default rate p 0 . However, by proposition 3.1 the combination of unconditional rating profile with any PD curve creates a unique proper model of a borrower's beginning of the period rating and end of the period state of solvency. In particular, by (3.5a) this approach implies a forecast of the unconditional default rate in the forecast period:
4.4.2. On assumption (4.9) Equation (3.4a) functions here as a constraint. The unknown unconditional PD p 1 and the two conditional profiles therefore must satisfy
Hence, as all three profiles Pr
, and Pr 0 [X = x | N ] are known, we have k equations for the one unknown p 1 . In general, it seems unlikely that all the k equations can be simultaneously satisfied if only one variable can be freely chosen. However, we can try and compute a best fit by solving the following least squares optimisation problem:
Observation (4.14b) is interesting because it indicates a technique to extract a forecast of the unconditional PD from the unconditional rating profile at the beginning of the forecast period that also avoids the contamination issue observed for the invariant PD curve assumption. It should be checked whether the forecast PD p * 1 is indeed in line with the profile x → Pr 1 [X = x]. This can readily be done because with p * 1 from (4.14b) we obtain an implied unconditional rating profile
This can be χ 2 -tested against the grade-level frequencies of borrowers at the beginning of the forecast period. If the hypothesis that x → Pr 1 [X = x] is just a random realisation of x → Pr * 1 [X = x] cannot be rejected we can proceed to predict the PD curve on the basis of x → Pr * 1 [X = x] by using (3.5b):
The optimisation problem (4.14b) is convenient for deriving a forecast of p 1 from the unconditional rating profile because it yields a closed-form solution. In principle, there is no reason why the least squares should not be replaced with a -say -least absolute value optimisation. This would result in a slightly different forecast of p 1 . However, as we will check the appropriateness of the p 1 forecast by applying a χ 2 test as mentioned in section 2.1, it seems natural to also look at the variant of (4.14b) where the χ 2 statistic is directly minimised. It is easy to show that this minimisation problem is well-posed and has a unique solution.
On assumption (4.10)
Like for assumption (4.9), it is not a priori clear that a proper model of a borrower's rating profile and solvency state can be based on the unconditional profile x → Pr 1 [X = x] and the likelihood ratio λ 0 (x). The necessary and sufficient condition for the likelihood ratio to match the rating profile is provided in equation (3.11b) of theorem 3.3, with π x = Pr 1 [X = x] and λ(x) = λ 0 (x).
If condition (3.11b) is satisfied then proposition 3.4 implies that there is a unique model of a borrower's rating and solvency state with characteristics Pr 1 [X = x] and λ 0 (x). The unconditional PD in this model is determined as the unique solution p 1 of equation (3.11a), and we can calculate the PD curve by (4.11). We have argued above that assumption (4.12) is suboptimal for risking undesirable impact on the forecast of the estimation period unconditional default rate. Assumption (4.10) is the most promising of the three assumptions we have explored because it guarantees exact fit of the unconditional rating profile and avoids contamination of the forecast. Assumption (4.9) is stronger than (4.10) because it implies (4.10). In principle, assumption (4.9) will hardly ever provide a proper model because it is rather unlikely that the overdetermined equation (4.14a) has an exact solution. By (4.14b) or minimisation of the χ 2 Pearson statistic, however, we could try and determine an approximate fit that could turn out to be statistically indistinguishable from the rating profile at the beginning of the forecast period -which would make assumption (4.9) a viable approach, too.
Summary of section 4.4
As 'contamination' by the 2009 unconditional default rate is prevented under assumptions (4.9) and (4.10), it is interesting to speculate why the implied default rate forecasts are so poor nonetheless. The natural conclusion is that the assumptions are simply wrong for the S&P data. Indeed, as table 9 on page 27 demonstrates for the likelihood ratio, with hindsight it is clear that the invariance assumptions made in this sections do not hold. An alternative and complementary explanation could however be that the S&P ratings made in 2009 and 2010 were over-pessimistic and for this reason generate too high default rate forecasts. This explanation is supported by the observation that in 2009 the downgrade-to-upgrade ratio for the S&P corporate ratings was 3.99 (S&P, 2012, table 6) -which could presumably not even be compensated by the 2010 downgrade-to-upgrade ratio of 0.74. Possibly, the truth is a mixture of these two explanations.
Case 4: No unconditional rating profile and no unconditional PD given
From a risk management point of view it is undesirable to have no current data at all. In a stable economic environment, this approach might be justifiable nonetheless. One could assume that the model from the estimation period works without any adaptations also for the forecast period. Of course, at the end of the forecast period, we can then backtest the default profile from the observation period against the grade-level default frequencies observed. Formally, the assumption made in case 4 may be described by (4.12) and 
Backtest
In this section, we describe a backtest of the observations from section 4.2 on a relatively long time series of rating and default data for the years 1986 to 2012, as published 3 in Moody's (2013, Exhibit 41) . As mentioned in section 2, this data is not optimal for the purpose of this paper. Table 10 illustrates the issue at the example of the data for the year 1986. The first three Moody's (2013, Exhibit 41) . The fourth column 'Implied defaults' has been determined by element-wise multiplication of the second and third columns. The fact that the entries of the fourth column are not even approximately integers indicates that the default rates from the third column were computed by a non-trivial method that involved information which is not presented in Moody's (2013) . However, in order to be able to apply the χ 2 test for the goodness of fit of our estimates we need integer default numbers.
In the following we adopt the obvious solution to this problem by making use of rounded values as shown in the fifth column of table 10. A minor corruption of the data as shown in the sixth column of the table is the price to pay for this solution.
We repeat the calculations from section 4.2 on the Moody's dataset but for lack of space do not present the detailed results. According to table 12 the 'scaled likelihood ratio' approach performs best on average, followed by the 'scaled PDs' and 'invariant default profile' approaches (with little difference), while the average performance of 'invariant accuracy ratio' is worst. Hence, when compared with the observations from section 4.2, the 'scaled PDs' and 'invariant accuracy ratio' approaches have swapped ranking positions. The poor performance of 'invariant accuracy ratio' in the backtest could be a sign that the underlying assumption of a constant accuracy ratio over time is simply not right 4 . The stronger than expected performance of the 'scaled PDs' approach could be owed to its conceptual similarity to the strong performing 'scaled likelihood ratio'.
Conclusions
Accurate (re-)calibration of a rating model requires careful consideration of a number of questions that include, in particular, the question of which model components can be assumed to be invariant between the estimation period of the model and the forecast period. Looking at PD curve calibration as a problem of forecasting rating-grade level default rates, we have discussed a model framework that is suitable for the description of a variety of different forecasting approaches.
We have then proceeded to present a number of PD curve calibration approaches and explored the conditions under which the approaches are fit for purpose. We have tested the approaches introduced by applying them to publicly available datasets of S&P and Moody's rating and default statistics that can be considered typical for the scope of application of the approaches.
One negative and one positive finding are the main results of our considerations:
• The popular 'scaled PDs' approach for (re-)calibrating a rating model to a different target unconditional PD is not likely to deliver the best calibration results because it implicitly mixes up the unconditional PD of the estimation period and the target PD.
• As shown by example, the 'scaled likelihood ratio' approach to PD curve calibration avoids mixing up the unconditional PDs from the estimation and the forecast periods and, on average, performs better than 'scaled PDs' and other approaches discussed in the paper. 'Scaled likelihood ratio' is, therefore, a promising alternative to 'scaled PDs'.
A. Appendix
In this paper, we apply quasi moment matching (QMM) as suggested by Tasche (2009) for the smoothing of PD curves. QMM requires the numerical solution of a two-dimensional system of non-linear equations. The solution of such an equation system in general is much facilitated if a meaningful initial guess of the solution can be provided. The binormal model we discuss in the following subsection delivers such a guess. In addition, the binormal model provides the main motivation of the QMM technique. In subsection A.2 we describe the QMM technique itself.
A.1. The binormal model with equal variances
Formally, the binormal model with equal variances is based on the following assumption.
Assumption A.1 X denotes the continuous score of a borrower at the beginning of the observation period.
• The distribution of X conditional on the event D (the borrower defaults during the observation period) is normal with mean µ D and variance σ 2 > 0.
• The distribution of X conditional on the event N (the borrower remains solvent during the whole observation period) is normal with mean µ N > µ D and variance σ 2 > 0.
• p ∈ (0, 1) is the borrower's unconditional PD (i.e. the unconditional probability that the borrower defaults during the observation period).
Denote by f D and f N respectively the conditional densities of the binormal score X. Hence by assumption A.1 we have Denote by X D and X N independent random variables with X D ∼ N (µ D , σ) and X N ∼ N (µ N , σ). Then, under assumption A.1, we also obtain a simple formula 5 for the discriminatory power of the score X if it is measured as accuracy ratio (see, for instance, Tasche, 2009, section 3.1.1):
In addition, it is easy to show how the unconditional mean µ and variance τ 2 of the score X can be described in terms of the means and variances of X conditional on default and survival respectively: From this, it follows by (A.2c) and (A.2d) that also the coefficients α and β in (A.2b) can be represented in terms of the unconditional mean µ of X, the unconditional variance τ 2 of X, and the discriminatory power AR of X. In particular, we have the following representation of β in terms of the accuracy ratio and the dispersion of the conditional score distributions:
These observations suggest the following three steps approach to identifying initial values for the QMM approach to PD curve smoothing:
1) Calculate the mean µ and the standard deviation τ of the unconditional rating profile.
2) Use µ and τ together with the unconditional PD p and the accuracy ratio AR implied by the rating profile and the observed grade-level default rates to calculate the conditional standard deviation σ and the conditional means µ D and µ N according to (A.6).
3) Use equations (A.2c) and (A.2d) to determine initial values for α and β.
The initial values found by this approach will be the closer to the true values, the closer the conditional rating profiles are to normal distributions.
A.2. Quasi moment matching
Equation (A.2a) shows that the unconditional PD has a direct primary impact on the level of the PD curve. Equation (A.7) suggests that the AR of a rating model has a similar impact on the maximum slope of the PD curve. The two observations together suggest that in general a two-parameter PD curve can be fitted to match given unconditional PD and AR.
It may be argued that for a suitably developed rating model based on carefully selected risk factors, the associated PD curve must be monotonic for economic reasons. Under the assumption that the PD curve is monotonic, Tasche and denote by X D and X N independent random variables that are distributed according to F D and F N respectively.
For quantifying discriminatory power, we apply again the notion of accuracy ratio (AR) as specified in Tasche In the case where X is realised as one of a finite number of rating grades x = 1, . . . , k, the accuracy ratio can be calculated from the PD curve as follows: (A.11b) where p stands for the unconditional PD as given by (3.5a).
Then quasi moment matching, for the purpose of this paper means the following procedure:
1) Fix target values p target and AR target for the unconditional portfolio PD and the accuracy ratio of the rating model.
2) Substitute p target and AR target for the left-hand sides of equations (3.5a) and (A.11b) respectively.
3) Represent Pr[D | X = x] in (3.5a) and (A.11b) by the robust logistic curve (A.8) (with F N replaced by F N ). Determine F N by means of (3.5c) from the empirical unconditional rating profile, the grade-level default rates and the unconditional default rate.
